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VOA $V$ $G\subset \mathrm{A}\mathrm{u}\mathrm{t}(\mathrm{V})$ : $V$ $G$
$V^{G}$ $V$ VOA . , $V$
$V^{G}$ .
VOA $L$ VOA $V_{L}$ . VOA
, )
. $L$ -1
$V_{I}$, 2 $\mathrm{t}_{L}^{\gamma+}$ . ,
$L$ $V_{L}^{+}$ , Dong ,
, Dong, Li .
$1^{\gamma_{L}+}$
$\mathrm{A}\iota 1\mathrm{t}(\mathrm{I}^{\gamma_{L}+})$
. $\mathrm{A}\mathrm{u}\mathrm{t}(V_{L}^{+})$ $L$ 2
( ) . , VOA
, $L$ $V_{L}^{+}$ .
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$L$ $\sqrt{\underline{9}}E$8 16 Barnes-Wall
$V_{L}^{+}$ , .












2.1. $\mathbb{C}$ $\underline{\mathrm{T},\Xi_{\backslash }J|\backslash \backslash \mathrm{I}5\{\not\in \mathrm{f}\mathrm{f}\mathrm{l}\text{ _{}\backslash }\mathrm{t}\mathrm{t}^{\backslash }\backslash \text{ ^{}\prime}(\mathrm{I}’/OA)}\mathfrak{s}_{/=}^{r}$ $(V, \mathrm{Y}\acute, 1, \omega)$ $\mathbb{Z}_{\geq 0}$ $\mathbb{C}$
$V= \sum_{\iota=\mathrm{t})}^{\infty},V_{n}$ ( , $r\iota$ $V_{\mathrm{t}}$, $\mathbb{C}$ ), $\underline{]^{-\mathrm{S}_{\backslash }\iota 5\{\not\subset \mathrm{f}\mathrm{f}\mathrm{l}\text{ }},J\mathrm{I}\backslash \backslash }$\
$Y$ : $V$ $arrow$ (EndV) $[[z, z^{-1}]]$ ,
$v$ $arrow$
$Y(v, z)= \sum_{-n\mathrm{C}^{\mathrm{r}}\ }v_{n}$zn–l:
$\underline{Vac.uu7r\iota vcctor}$ . $V_{0}$ 1 $Vir^{\backslash }aso$7o $elerr\iota ent$ $\mathcal{V}_{2}^{r}$ $\omega$ 4
, $a,$ $b\in V$ . $p$ , $q_{)}7^{\urcorner}\in \mathbb{Z}$ (V1) (V7)
.
(V1) $a_{1},b=0$ for $n>>()$ .




$=$ $. \sum_{i=0}^{\infty}(-1)^{i}(\begin{array}{l}ri\end{array})(a_{p+- r-i}.b_{q\pm i}-(-1)^{r}b_{q+r-i}a_{p+i)}$ .
(V4) $Y(v, z)1\in(\mathrm{E}_{11}\mathrm{d}V)[[z]]_{f}v_{-}\sim$ $=v$ .
(V5) $L(n)=\omega_{n+1}$ ’\llcorner ‘‘ -[-a (central charge) $c\in \mathbb{C}$ ,
$m,$ $n\in \mathbb{Z}$
$[L(m), L(7l)]=(m-n)L(rn+n)+ \frac{1}{12}(m^{3}-\prime rr\iota)c\delta_{7’ l\dagger}\uparrow$ r,0 .
(V6) $a\in V_{n}$ ( $L$ (0)0, $=na$ .
(V7)
$\frac{d}{dz}Y(\uparrow),$ $z)=Y(L(-1)v_{:}^{\mathrm{v}}\sim)$ .
2.2. (V3) , $V$
well-defined .
2.3. VOA $(V, Y, 1_{?}\omega)$ , $hI=(M_{\backslash }\mathrm{Y}_{\mathrm{A}}^{r},)$ $V$ - , $\mathbb{Z}_{\underline{/}\mathfrak{l}\mathrm{J}}\backslash +$ h
$(h\in \mathbb{Q})$ $\mathbb{C}$ $M=\oplus_{n=0}^{\infty}M_{h+n}$ ( $7l$
$NI_{h+n}$ $\mathbb{C}$ )
$\mathrm{Y}_{J\mathrm{t}t}^{r}$ : $V$ $arrow$ (ErldM) $[[z, z^{-1}]]$
$v$ $\mapsto$
$Y_{M}(v, z)= \sum_{n\subset \mathrm{Z}}v$
y $z^{-- n-- 1}$ ,
2 $a,$ $b\in V,$ $\cdot u\in\Lambda’I,$ $p$ , $q,$ $r\cdot\in \mathbb{Z}$ (M1) (M3)
.
(M1)
$\sum_{i=0}^{\infty}(\begin{array}{l}pi\end{array})$ (a$r+i$ b) $p+q-i\Lambda J$
$=$ $. \sum_{i=0}^{\infty}(-1)^{i}(\begin{array}{l}r\dot{\iota}\end{array})(a_{p+r-i}^{M}b_{q\dagger i}^{M}$. $-$ (-1YbH$r-ip+i$)$a^{M}$ .
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(M2) $1_{\Lambda I}^{\nearrow}(1, z)=\mathrm{I}\mathrm{d}_{M}$ .
(M3) $.u\in\Lambda,I_{\lambda}$ $\omega_{1}^{\Lambda\prime l}u=L(\mathrm{O})u=\lambda u$ .
2.4. $V=$ $(V, Y, 1, \omega)$ VOA . $V$ 9
(A1) (A3) VOA $V$ .





2.5. $M= \sum_{i=0}^{\infty}\Lambda/I_{i+h}$ $\underline{?^{\mathrm{B}}\mathrm{B}_{\overline{J}}\Psi_{\overline{\Gamma\backslash }}(}$cftaracter)
$\mathrm{c}\mathrm{h}(\Lambda \mathrm{f}):=\sum_{i=0}^{\infty}$( 1 $\Lambda\prime I_{i+h}$ ) $q^{i\{h}$
.
$V$- .\ Aut(V) .
2.6. $l’$ VOA
$i$
$M=(M, Y_{\Lambda},)$ $V$ - . $V$ $g$
$Y_{h’\mathit{1}^{g}}$ (v $z$ ) $:=Y_{\mathrm{A}I}(gv, z)$
$\Lambda^{J}I$ . $V$ - $\Lambda’I^{\underline{o}}$ :
$(l\mathfrak{l}’I.1_{\Lambda l}’’.\prime\prime)$ ,
2.7. $V$- A1.I , $M^{g}$ . , Aut(V)
$V$- . , $M$ $M^{g}$
$\mathrm{V}\mathrm{i}\mathrm{r}.x\mathrm{s}^{\backslash }\mathrm{o}\mathrm{r}\mathrm{o}$ element $\mathrm{c}\mathrm{h}\langle M^{\cdot}$) $=\mathrm{c}\mathrm{h}(M^{g})$ .
2.8. $\mathfrak{s}/^{\gamma}=$ $(V, Y\sim, \omega)$ VOA, $(M^{i}, Y_{f1/I^{i}})$ (i $=1,2,3$) $V$ - . $\mathcal{Y}$
$(\begin{array}{ll} M^{\dagger}\Lambda^{J}I^{1} \Lambda \mathrm{I}^{-}.-\prime\end{array})$ $\underline{y_{\sim\#\S(\mathrm{F}\mathrm{f}\mathrm{f}\mathrm{l}\text{ _{}\backslash }}f^{\sqrt}\backslash }$(in er wining operator)
$\mathcal{Y}$ : $M^{1}$ $arrow$ $(\mathrm{H}\mathrm{o}\mathrm{m}(l|_{/}’I^{2}, l|I^{3}. ))\{z\}$ ,
$v$ $\mapsto$
$\mathcal{Y}(v, z)=\sum_{n\in \mathrm{C}}v_{n}z^{-n}1$
$n\in V,$ $v\in\Lambda/I^{1}$ and $\prime u\in M^{2}$ , $q\in \mathbb{C},$ $p$ , $r\in \mathbb{Z}$ (I1), (I2), (I3)
.
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(I1) $k\in \mathbb{C}$ j’vn+ku $=0$ for $n>>0$ .
(I2)
$\sum_{i=0}^{\infty}(\begin{array}{l}pi\end{array})(a_{r+i}^{\Lambda f_{1}}v)_{p+q}i$
$=$ $\sum_{i=0}^{\infty}(-D\prime i(\begin{array}{l}ri\end{array})(a_{p+r-i}^{f\downarrow I_{3}}v_{q+i}-(-1)7^{\cdot}v_{q\{\Gamma}i$ ap-$+il_{\mathit{2}}$).
(I3)
$\frac{d}{dz}\mathcal{Y}(v, z)=\mathcal{Y}$(L(-l)v, $z$ ).
$(\begin{array}{l}.[/f^{3}\Lambda\Lambda J,21\end{array})$
$\mathbb{C}$
$I_{\mathrm{V}’}(\begin{array}{ll} \Lambda l^{3}\Lambda/I^{1} \Lambda\prime I^{\supseteq}\end{array})$
$N^{\Lambda/f^{3}}$, NHjf\downarrow \acute f $:=\dim I_{\mathcal{V}}\cdot(\begin{array}{l}"\Lambda.I^{1}\Lambda I^{\mathit{2}}\end{array})$ .




$\text{ \sqrt{}^{\backslash }\mathrm{f}\mathrm{f}\mathrm{l}\ovalbox{\tt\small REJECT}|$ ($fusior\iota$ rule) . , $i1/’I_{3}$. V-
2.9. (1) $(V, Y, 1, \omega)$ VOA, $(\Lambda I, Y_{\Lambda J})$ $V$- . 1” $(\mathrm{k}’ 1/’ \mathfrak{i}’’)$
, $Y_{\Lambda/I}$ $(\begin{array}{ll} MV l1I\end{array})$ .
(2) $N_{kI^{1}M}^{\Lambda \mathrm{f}^{3}}$
.
.2 . , “ ” VOA
$N_{\Lambda’I^{1}\Lambda\cdot \mathrm{f}^{2}}^{M^{3}}.=0$ 1 .
(3) $g\in \mathrm{A}\mathrm{u}\mathrm{t}(V)$ , $N_{M^{1,g}M^{2,g}}^{hI^{3,g}}.=N_{M^{1}M^{2}}^{M^{3}}$ .
2.2 K
$v_{L}^{\vee+}$ .
2.10. $L\subset \mathbb{R}^{n}$ $7l$ $\underline{\text{ }}$ , $\mathbb{R}^{n}$ $\{e_{1}, \ldots, \mathrm{c}_{n}\}$ $\subset L$ $L=$
$\oplus_{i=1}^{\prime l}\cdot \mathbb{Z}$ei . $\langle\cdot, \cdot\rangle$ $\mathbb{R}^{n}$ ,
$L_{i}=$ { $v\in L|$ $\langle$ v, $v\rangle=\prime i$ } $L$ .$v\in$ $L$ $v$ , $v\rangle$ $\in 2\mathbb{Z}$
$\underline{\{\ovalbox{\tt\small REJECT} \text{ }}$ , : $L_{2}$ —- . , $L^{\mathrm{O}}=\{u\in$
$\mathbb{R}^{n}|$ $u$ , $v\rangle$ $\in \mathbb{Z}$ for $\forall v\in L$ } .
2.11. $L$ $L\subset L^{\mathrm{o}}$
38
2 . , Construction $\mathrm{B}$
, .
.
2.12. $n$ 2 F2 $n$
. $\mathrm{F}_{2}^{\mathrm{n}}$ $\{c_{i}\}$ : $\mathrm{F}_{2}^{n}$ $x= \sum$ xi $(x_{1}, x_{2}, \ldots, x_{r\iota})$
$\mathrm{F}_{2}^{\mathrm{n}}$ $x=$ $(_{\mathrm{L}}.r_{1}.\cdot, x2 , x_{n})$ $x$ $\#\{i\in\{1\backslash .2, . . . , n\}|x_{i}\neq 0\}$
. 2 $C$. $\underline{\text{ }\{\ovalbox{\tt\small REJECT}}$ $C$ 4 1
. $C$ $C$ 0 .
2.13. $C$ $n$ 2 . .
$B(C):= \frac{1}{\sqrt{\underline{9}}}\{(\iota_{1}/"\prime v2, . . . , v_{n})\in \mathbb{Z}^{n}|(\overline{v}_{1}, ’\overline{v}_{2}, . . . , \prime \mathit{0}n)\in C, \sum_{i=1}^{n}v_{i}\in 4\mathbb{Z}\}$
$\{\sqrt{\underline{9}}e_{i}\}$ $\underline{Constr\mathrm{e}\prime \mathrm{r}\nu tior\iota B\text{ ^{}\backslash }\backslash \overline{\not\equiv}\mathrm{a}\text{ }_{arrow \text{ }^{}-}}$ 2
$’\overline{v}_{i}\equiv v_{i}$
In $()$ d 2 .
2.14. $B$ (C) . $C$ 8 $B$ (C)
.
$L$ $\{\pm 1\}$ , $[e^{\alpha}, e^{\beta}]=(-1)^{\langle\alpha,\beta\rangle}$
, $\hat{L}$ $\langle$ . $Larrow\hat{L},$ $\gamma\mapsto e^{\gamma}$ .
2.15. [FLM] 5.4.1 $\mathrm{A}\mathrm{u}\mathrm{t}(\hat{L})\sim(\mathbb{Z}/2\mathbb{Z})^{n}$ . $\mathrm{A}\mathrm{u}\mathrm{t}$ (L) . $\mathrm{A}\mathrm{u}\mathrm{t}$ (L) $g$
$\mathrm{A}_{11\mathrm{t})}(L)$
$h$ , 9 $l_{l}$ –$-\mathrm{h}\#\mathrm{e}^{\grave{\backslash }}$ $(l^{J}ifl_{J})$ .
$L$ VOA . VOA $V_{L}$
, [FLM] 7 8 $\mathrm{A}\mathrm{a}$ .
$V_{L}$ m(VL)0 $=1,$ $\dim(V_{L})_{1}=n+|L_{2}|$
. $\mathrm{A}n\mathrm{t}(\hat{L})$ $\mathrm{A}\mathrm{u}\mathrm{t}(V_{L})$ .
$V_{L}$ $\lambda+L\in L^{\mathrm{o}}/L$ , $V_{L}$- $V_{\lambda[perp] L}$ . $V_{L}$
$\{V_{\lambda+L}|\lambda+L\in L^{\mathrm{o}}/L\}$ . , Dong ([DN1])
Aut $(V_{\Gamma_{\lrcorner}})$ .
2.16. [DN1] $\mathrm{A}\mathrm{u}\mathrm{t}(V_{L})=\langle$$N$ , Aut $(\hat{L})\rangle$ , $N=\langle\exp(a_{0})|a\in(V_{L})_{1})$ .
$\theta$ $-1\in \mathrm{A}\mathrm{u}\mathrm{t}(L)$ $\mathrm{A}\mathrm{u}\mathrm{t}(V_{L})$ 2 . $V_{L}$ $\theta$
$V_{L}^{4}$
$\theta$ -1 $V_{L}^{-}$ . $V_{L}^{+}$ VOA
. $V_{L}=V_{\Gamma_{\lrcorner}}^{+}\oplus V_{L}^{-}$ . $V_{L}^{+}$ m(VL+)0 $=1$ , d (VL+)l $=$
$|L_{2}|/2$ . $V_{L}^{+}$
$[\mu]$ $=$ $v_{\mu+L}^{r}$ for $\mu\in L^{\mathrm{o}}\backslash (L/2)$ ,




. , $\chi$ $\hat{L}$ .
Dong ([DN2]) 1 , Dong ([AD])
$V_{L}^{\mathrm{f}}$ $\{[\mu], [\lambda]^{\pm}, [\chi]^{\pm}\}$ .
$V_{L}^{+}$ .





$V_{L}^{+}$ . , VOA
.
$V$ VOA, $l\mathfrak{l},I$ $V$- . $P$ $\lambda’I$ Aut(V) .
,
Aut $(V)arrow \mathfrak{S}(P)$ (3.1)
. $\mathfrak{S}(P)$ $P$ .
$P$ Aut(V)
?
Aut(V) $M$ . $V$
$P$ .
$V=V_{L\prime}^{+}.M=V_{L}^{-}$ . $\mathrm{A}\iota 1\mathrm{t}(V_{L}^{+})$ ,
$V_{L}${ . $L$
, Aut(!)/ $\langle$ \mbox{\boldmath $\theta$}) 3.2 ,
3.3 , (3.1) 3.4 , ,
$\mathrm{A}\mathrm{u}\mathrm{t}(V_{L}^{+})$ .
3.1. $L_{2}\neq\phi$ $\mathrm{A}\mathrm{u}\mathrm{t}(V_{L}^{+})$ . $(V_{II}^{-\}})_{1}\neq 0$






3.2. $L$ , $g$ $V_{L}^{\dashv}$ , Aut(kv $\tilde{g}$ $\tilde{g}_{|V_{L}}+=g$
$.\tilde{q}(\mathrm{L}_{L}^{\gamma-})=V_{L}^{-}$ t\gamma L+-
$\mathrm{I}^{\gamma_{\Gamma_{\lrcorner}}^{-,g}}\cong V,$
, . , \sim $\langle\theta\rangle$ .
, $A$ VOA
.





3.3. $L_{2}=\phi$ $\mathrm{A}\mathrm{u}\mathrm{t}(\mathrm{V}_{f_{\lrcorner}}^{\Gamma})$ $\theta$ Aut(L) .
2.15 Aut(L) . , $L_{2}=\phi$ Aut(L)
(3.1) .





$V_{L}$ $P$ $V_{L}^{+}$ $P$
. 2.7, 2.9 .
$P$ $\mathrm{c}\mathrm{h}(V_{L}^{-})$ .
$\mathrm{A}\mathrm{u}\mathrm{t}(V_{L}\})$ . , $V_{I_{\lrcorner}}^{-}\cross V_{L}=V_{L}$} ,
$\Lambda I\in P$ $M\cross M=\mathrm{v}_{L}^{r+}$ .
.
3.5. $L$ $n$ .
$P\subseteq\{$
$\{[0]^{-}, [\lambda]^{\pm}\}$ if $n\neq 8,16$ ,
$\{[0]^{-}, [\lambda]^{\pm}, [\chi]^{-}\}$ if $n=8$ ,
$\{[0]^{-}, [\lambda]^{\pm}, [\lambda’]^{+}\}$ if. $n=16$ ,




3.6. $L$ 8 16 . $P$ $[\chi]$ $\{$
$[\chi]^{-}$ $L$ $\sqrt{2}B$\urcorner 8 16 $Barn\epsilon^{J},.\mathrm{s}\cdot- Wall$
$\Lambda_{16}$ .




3.8. $L$ $n$ . $L$ $\sqrt{2}E$8 $\Lambda_{\rceil)}‘$.




3.9. $L$ $n$ . $\lambda\in L^{\mathrm{o}}\cap L/2$ $|(\lambda+L)_{2}|=\underline{‘)}$ ,
( $\lambda+L\dot{)}_{2}$ $\{\alpha_{i}|\prime i=1,2, . . . , r\iota\}$ -1
. , $L$ $\{\alpha_{i}\}$ 8
2 Construction $B$ .
[FLM] 11 $V_{L}^{+}$ $\sigma$ .
3.10. [FLM] $L$ $\{\alpha_{i}\}$ 8 2
Construction $B$ . $JV_{lJ}^{+}$
$\sigma$ , $[0]^{-\sigma}\backslash \cong[\alpha_{1}]^{+}$
, $\sigma$ $\{\alpha_{i}\}$ :
. 3.9 3.10 3.8 .




















$\mathrm{A}_{11}\mathrm{t}(\hat{L})$ (3.1) . ,
Aut(L) , .
, , 3.12 .’ (3.1)




$\sqrt{2}R$ 16 Barnes-Wall $\Lambda_{16}$ .
3.8 $L\cong\sqrt{2}A_{7l}(n\neq 3),$ $\sqrt$2 $E_{6},$ $\sqrt$2E7 $P=\{V_{L}^{-}\}$
. , 3.12 38 $L\cong\sqrt{2}A_{3}$ , \psi D $(n\geq 5)$ ( $P$ $\mathrm{F}_{2}$ 2
, $L\cong\sqrt{2}D$4 $P$ $\mathrm{F}\underline{\circ}$










$L$ Aut $(V_{L}^{\dashv})$ $|P|$
$\sqrt{2}A_{7b}(n\neq 3)$
$2^{n}-$ : $\mathfrak{S}_{r\mathrm{r}|}$11
$\overline{\sqrt{2}A_{3}}$ $(2^{2} : \mathfrak{S}_{4}).GL_{2}(^{\underline{\eta}})$
$\sqrt{2}\overline{D}_{4}-$
$(2^{4} : \mathfrak{S}_{4}).GL_{3}(2)$ $\frac{3}{7}$
$\sqrt{2}D_{n}\overline{(r}\iota\geq 5)$ $(2^{2n-2} : \mathfrak{S}_{n}).GL_{2}(2)$ 3
$\sqrt{2}E_{6}$ $2^{6}$ : $U_{4}(2)$ : 21
$\sqrt{2}E_{7}$ $2^{7}$ : $Sp_{6}(2)$ 1
$\sqrt{2}E_{8-}$ $O_{10}^{+}(2).2$ 527
$\Lambda_{16}$ $2^{16}\cdot O_{10}^{+}(2)$ 527
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